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Abstract
A pseudoclassical model is proposed for the description of planar P, T−invariant massive
fermions. The quantization of the model leads to the (2+1)-dimensional P, T−invariant
fermion model used recently in P, T−conserving theories of high-Tc superconductors. The
rich symmetry of the quantum model is elucidated through the analysis of the canonical
structure of its pseudoclassical counterpart. We show that both the quantum P, T−invariant
planar massive fermion model and the proposed pseudoclassical model — for a particular
choice of the parameter appearing in the Lagrangian — have a U(1,1) dynamical symmetry
as well as an N = 3 supersymmetry. The hidden supersymmetry leads to a non-standard
superextension of the (2+1)-dimensional Poincare´ group. In the quantum theory the one
particle states provide an irreducible representation of the extended supergroup labelled by
the zero eigenvalue of the superspin. We discuss the gauge modification of the pseudoclassical
model and compare our results with those obtained from the standard pseudoclassical model
for massive planar fermions.
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1 Introduction
Planar gauge field theories have many interesting features [1]. Especially in their use for
constructing models of high-Tc superconductors [2] one is interested in having a P− and
T−invariant system of topologically massive gauge fields and a P− and T−invariant system
of massive Dirac spinor fields. For this purpose, one usually introduces doublets of these
fields with mass terms having opposite sign [2, 3]. In a recent paper [4] the hidden dynamical
symmetries of the simplest P− and T−invariant free fermion theory were investigated. The
model [4] is described by the Lagrangian
L = ψ¯u(pγ +m)ψu + ψ¯d(pγ −m)ψd (1.1)
and it is invariant under a global Uc(1) symmetry describing chiral rotations to which it is
associated the conserved chiral current Iµ =
1
2
(ψ¯uγµψu− ψ¯dγµψd). A very interesting feature
of the model described by (1.1) is the appearance of a hidden N = 3 supersymmetry which
yields a non-standard superextension of the Poincare´ group so that the one particle states
associated to (1.1) realize an irreducible representation of the Poincare´ supergroup, labelled
by the zero eigenvalue of the superspin operator [4].
In a beautiful paper [5] Gibbons, Rietijk and van Holten investigated space-time sym-
metries in terms of the motion of pseudoclassical spinning point particles [6, 7, 8]. In their
analysis they revealed the existence of a non-standard supersymmetry characterized by the
fact that the Poisson brackets of the odd Grassmann generators yield an even integral of
motion different from the Hamiltonian of the system. A non-standard supersymmetry of the
same kind is useful to describe the hidden symmetries [9] of a 3-dimensional monopole [10].
In this paper we shall show that the hidden N = 3 supersymmetry of the P, T−invariant
3D fermion model described by (1.1) may be understood in a natural way starting with the
pseudoclassical model of a relativistic spinning particle proposed in ref. [11].
The pseudoclassical model of ref. [11] is defined by the Lagrangian
L =
1
2e
(x˙µ − ivǫµνλξνξλ)2 − e
2
m2 − 2νmvθ+θ− − i
2
ξµξ˙µ +
i
2
θaθ˙a. (1.2)
A complete description of the quantities appearing in (1.2) is given in section 2. Here we
only notice that the pseudoclassical model (1.2) depends on a parameter ν. As we shall see,
there is a special value of the parameter ν (ν = 1) which leads to a maximal symmetry of
the classical system.
Since the pseudoclassical model (1.2) has an even nilpotent constraint, it is similar to the
class of pseudoclassical models used in describing particles with spin s ≥ 1 [12]. Its main
difference with the standard pseudoclassical model (SPM) for the massive Dirac particle
[7] lies in the fact that the odd constraint of the latter model is replaced in [11] by the
even nilpotent constraint. We shall show that, although at the quantum level both models
lead to the P, T−invariant planar model described by (1.1), only the model of ref. [11]
reproduces classically the same symmetries of its quantum counterpart. For the 3D standard
pseudoclassical model [7] the situation is quite reminiscent of what occurs in systems with
a quantum anomaly, since the classical symmetries are not preserved by the quantization
procedure. Unlike the SPM [7], the model considered in this paper naturally yields a U(1)
gauge theory with the gauge field coupled to the Uc(1) chiral current and it allows for a
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nontrivial interplay between local and discrete symmetries on one hand, and ordinary and
graded symmetries on the other hand.
The paper is organized as follows. In order to have a self-contained presentation, we
introduce in section 2 the pseudoclassical model of ref. [11]. In this section we analyze its
global, local and discrete symmetries within the framework of the Lagrangian formalism.
Section 3 is devoted to the Hamiltonian description of the system. First we get the equa-
tions of motion and find the integrals of motion which are the generators of the continuous
symmetries described in section 2. Then, we notice that for a special value of the parameter
of the pseudoclassical model (ν = 1) the system has two additional (local in the evolution
parameter) integrals of motion. We find that the integrals of motion of the system form
a broader U(1,1) symmetry and a hidden N = 3 supersymmetry, and present both sym-
metries in a Poincare´ covariant form. Section 4 is devoted to gauging the U(1) symmetry
corresponding at the quantum level to the chiral rotations. In section 5 we quantize the
model. We show that ν = 1 is also special from the point of view of the quantum theory:
namely, we demonstrate that only for ν = 1 the quantization procedure preserves the P−
and T− symmetries of the classical model. For this value of the parameter ν the U(1,1)
symmetry and the N = 3 supersymmetry are realized in the quantum theory and the N = 3
supersymmetry leads to the non-standard superextension of the Poincare´ group. Finally, we
investigate the quantum theory of the model with chiral U(1) gauge symmetry. Section 6 is
devoted to some concluding remarks.
In Appendix A we evidence a hidden symmetry of the pseudoclassical model existing in
the subspace of the Grassmann (pseudo)scalar variables.
The analysis of the planar SPM [7] and its dynamical symmetries is presented in Ap-
pendix B.
2 The model and its Lagrangian symmetries
2.1 The model
The planar model analyzed in ref. [11] is defined by the action
A =
∫ τf
τi
Ldτ +B, (2.1)
where L = L0 + Lξ + Lθ is the Lagrangian,
L0 =
1
2e
(x˙µ − ivǫµνλξνξλ)2 − e
2
m2 − 2νmvN , (2.2)
N = θ+θ− = −iθ1θ2, (2.3)
Lξ = − i
2
ξµξ˙
µ, Lθ =
i
2
θaθ˙a, (2.4)
and B = Bξ +Bθ is the boundary term,
Bξ = − i
2
ξµ(τf)ξ
µ(τi), Bθ =
i
2
θa(τf)θa(τi). (2.5)
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In (2.2) m is a mass parameter and ν 6= 0 is a dimensionless parameter. We use the metric
ηµν = diag(−,+,+) and the totally antisymmetric tensor ǫµνλ, ǫ012 = 1.
The configuration superspace of the model is described by the set of variables xµ, ξµ, θ
±,
e and v. We denote with xµ the space-time coordinates of the particle; together with the
scalar Lagrange multipliers e and v they are real even variables. ξµ is a real odd (Grassmann)
vector whereas θ+ and θ− are mutually conjugate odd scalar variables related to the real
variables θa, a = 1, 2, by the equation
θ± =
1√
2
(θ1 ± iθ2). (2.6)
We shall specify later the transformation properties of all the variables under P and T
inversions.
The form of the kinetic terms Lξ and Lθ (as well as that of the boundary terms Bξ and
Bθ) manifests the fact that the scalar variables θa, a = 1, 2, are “timelike” in contrast to
the one “spacelike” scalar variable ξ∗ used in the standard pseudoclassical formulation of the
massive spin-1/2 particle (see Appendix B).
The inclusion of the boundary terms in the action (2.1) is needed since the equations
for the Grassmann variables are first order [13]. As a result, the classical solutions to these
equations extremize the action (2.1) with the boundary conditions:
δηA(τf) + δηA(τi) = 0, ηA = ξµ, θa. (2.7)
The change of variables θ1, θ2 → θ1, −θ2, and, correspondingly, θ± → θ∓, amounts only
to changing N → −N in the action (2.1). Without loss of generality, one may then always
choose
ν > 0, (2.8)
since the model with ν < 0 is reproduced by the above change of the variables.
2.2 Global symmetries
The action (2.1) is Poincare´-invariant. In addition, it is invariant under the following global
super-transformations:
δξµ = ǫµ, δxµ = 2iǫµνλǫ
ν ·
∫ τ
τi
v(τ ′)ξλ(τ ′)dτ ′, (2.9)
where ǫµ is a constant odd vector infinitesimal transformation parameter. Unlike the ordinary
global super-transformations, the transformations (2.9) have a nonlocal character in the
evolution parameter. As a consequence,
(δ1δ2 − δ2δ1)xµ = −4iǫµνλǫν1ǫλ2 ·
∫ τ
τi
v(τ ′)dτ ′ 6= const.
Thus, the commutator of two global super-transformations (2.9) does not yield the space-
time translations characterized by a constant nilpotent vector as it happens for the standard
global super-transformation in systems with a supersymmetric spectrum.
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The action is invariant under another set of global super-transformations
δǫxµ = iǫξµ, δǫξµ = ǫe
−1(x˙µ − ivǫµνλξνξλ) (2.10)
with a constant scalar odd parameter ǫ. In the standard pseudoclassical model of a spin-1/2
particle [7], there is local supersymmetry (with a local infinitesimal parameter ǫ = ǫ(τ))
induced by transformations similar in form to eq. (2.10).
The action is also invariant under
δǫξµ = iǫǫµνλξ
νξλ (2.11)
with the odd scalar infinitesimal transformation parameter ǫ.
Furthermore, there is invariance under the global U(1) transformations
δγθ
± = ±iγθ± (2.12)
(or corresponding SO(2) transformations in terms of the real variables θa), and the global
even transformations
δωxµ = iωǫµνλξ
νξλ, δωξµ = 2ωe
−1ǫµνλx˙
νξλ, (2.13)
characterized by the even scalar transformation parameters γ and ω, respectively. In Section
3 we shall analyse these global symmetries within the Hamiltonian formalism.
2.3 Local symmetries
There are two local symmetries of the action. They are given by the transformation
δαE =
d
dτ
(αE), E = e, v,
δαX = αX˙, X = xµ, ξµ, θa, (2.14)
which is the reparametrization transformation, and by the transformation
δβe = 0, δβv = β˙, δβθ
± = ±imβθ±,
δβxµ = iβǫµνλξ
νξλ, δβξµ = 2βe
−1ǫµνλx˙
νξλ, (2.15)
to which we shall refer to as the ‘β-transformation’. In eqs. (2.14), (2.15) α and β are
the infinitesimal transformation parameters. Since we have δαL = (d/dτ)(αL) and δβL =
(d/dτ)(iβe−1ǫµνλx˙
µξνξλ), the action (2.1) is invariant under (2.14) and (2.15) if one requires
α(τi) = α(τf) = 0, β(τi) = β(τf) = 0. (2.16)
Formally ( β 6= const), the β-transformation is the linear combination of the transformations
(2.12) and (2.13) with m−1γ = ω. The β-transformation mixes the even coordinates xµ with
the odd spin variables ξµ; this transformation is characterized by an even parameter and, as
we shall see in Section 3, it is generated by an even (nilpotent) constraint. As a consequence,
one has δβ1δβ2 − δβ2δβ1 = 0.
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2.4 Discrete symmetries
The action is invariant under the discrete P− and T−transformations:
P : Xµ → (X0,−X1, X2), T : Xµ → (−X0, X1, X2), (2.17)
where Xµ = xµ, ξµ, and
P : , T : (e, v)→ (e,−v), (2.18)
P : θa → (θ1,−θ2). T : θa → (−θ1, θ2). (2.19)
Since P : θ± → θ∓, and T : θ± → −θ∓, one has that P : , T : N → −N .
Due to the global U(1) symmetry, there is a freedom in the choice of the form of the P
and T transformations in the sector of the variables θa.
If one considers only the continuous and discrete symmetries described so far, the pa-
rameter ν can take any value in the classical theory. As we shall see in Appendix A, there
is a hidden classical symmetry restricting the allowed values of ν. This symmetry, realized
in the subspace of the variables θ±, is the product of P or T (2.19) with a special U(1)
transformation.
3 Hamiltonian description
3.1 Equations and integrals of motion
Let us turn to the canonical description of the model and to the construction of the general
solution to the classical equations of motion.
The nontrivial brackets of the system are the following:
{xµ, pν} = ηµν , {e, pe} = 1, {v, pv} = 1,
{ξµ, ξν} = iηµν , {θa, θb} = −iδab, (3.1)
and, hence,
{θ+, θ−} = −i. (3.2)
In correspondence with the two local symmetries of the Lagrangian, in the Hamiltonian
formalism one has two secondary first class constraints
φ =
1
2
(p2 +m2) ≈ 0, (3.3)
χ = iǫµνλp
µξνξλ + 2νmN ≈ 0, (3.4)
which are the generators of the transformations (2.14), (2.15) and form the trivial algebra
{φ, χ} = 0. (3.5)
In addition, there are two primary first class constraints pe ≈ 0 and pv ≈ 0 merely stating
the fact that e and v are Lagrange multipliers. The Hamiltonian is a linear combination of
the constraints [14]:
H = eφ+ vχ+ u1pe + u2pv, (3.6)
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with u1,2 = u1,2(τ) arbitrary functions of the evolution parameter τ .
The equations of motion have the form:
x˙µ = epµ + ivǫµνλξ
νξλ, p˙µ = 0,
ξ˙µ = 2vǫµνλp
νξλ, θ˙± = ±2iνmvθ±, (3.7)
and e˙ = u1, v˙ = u2. From (3.7), one identifies the set of integrals of motion :
Pµ = pµ, Jµ = −ǫµνλxνpλ − i
2
ǫµνλξ
νξλ, (3.8)
Γ = pξ, Ξ = iǫµνλξ
µξνξλ, N = θ+θ−, ∆ = iǫµνλpµξνξλ. (3.9)
The integrals Pµ and Jµ are the generators of the Poincare´ transformations, whereas the
integrals (3.9) generate the global symmetries given by the transformations (2.10)–(2.13).
The two last integrals of motion, N and ∆, are related by the constraint (3.4) which is the
generator of the local β−transformations. This explains why the global symmetries (2.12)
and (2.13) and the local symmetry (2.15) are related.
Using the mass shell constraint, one may introduce the complete oriented triad e(α)µ =
e(α)µ (p), α = 0, 1, 2,
e(0)µ =
pµ√−p2 , e
(α)
µ ηαβe
(β)
ν = ηµν , ǫµνλe
(0)µe(i)νe(j)λ = ǫ0ij . (3.10)
Upon defining ξ(α) = ξµe(α)µ and
ξ(±) =
1√
2
(ξ(1) ± iξ(2)), (3.11)
one has
{ξ(+), ξ(−)} = i, (3.12)
which differs in sign from the brackets (3.2) for the variables θ±. This difference is relevant
for the symmetries of the model.
The space-like components of the triad e(i)µ , i = 1, 2, are not Lorentz vectors (see, e.g.
ref. [15]), and, therefore, the quantities ξ(i) are not scalars.
Taking into account the mass shell constraint, one can present the nilpotent constraint
(3.4) in the equivalent form:
X = ξ(+)ξ(−) − νθ+θ− ≈ 0. (3.13)
With the help of the triad (3.10) one finds yet another dependence among the integrals of
motion (3.8), (3.9). Taking into account the completeness of the triad, one gets the equality:
Ξ = 3i(P 2)−1Γ∆. (3.14)
As a result, one has the following combination of the integrals of motion:
ρ = ν · pξθ+θ− − imκ · ǫµνλξµξνξλ, (3.15)
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which is an odd function and has the weakly vanishing bracket
{ρ, ρ} = −3
2
iκχ2.
Using (3.14), on the surface of the mass shell constraint, for κ = 1/6, one finds
ρ = −mξ(0) · (ξ(+)ξ(−) − νθ+θ−). (3.16)
Thus, for κ = 1/6, ρ is proportional to χ and the additional constraint
ρ ≈ 0 (3.17)
can be imposed.
The classical odd constraint (3.17) has the solution ξ(0) = 0 in addition to the subspace
singled out by the nilpotent constraint (3.4); consequently, its introduction modifies the
physical content of the original model. At the quantum level, the analog of ξ(0) is an invertible
operator; this implies that the quantum analog of the constraint (3.16) is equivalent to the
quantum analog of the constraint (3.4). In the quantum theory, the additional constraint
(3.17) does not change the physical content of the model. Of course, one may exclude the
point ξ(0) = 0 from the phase space of the classical system requiring that ξ(0) 6= 0; in this
case, the additional constraint ρ ≈ 0, for κ = 1/6, does not change the physical content
of the model even at the classical level. From this one learns that the physical content of
the modified classical model — i.e. the model supplied with the constraint (3.15), (3.17) —
is governed by the c−number parameter κ and that, for the particular value κ = 1/6, the
additional odd constraint differs from the even nilpotent constraint (3.4) only in the factor
ξ(0). Hence, one may change Grassmann parity of the integrals of motion multiplying them
by the odd integral ξ(0). These observations are helpful for unveiling the hidden continuous
symmetries of the model.
3.2 Solution to the equations and additional integrals of motion
Let us go back to the discussion of our original model defined by the constraints (3.3), (3.4)
and by the Hamiltonian (3.6).
Since ξ(0) = const, the equations of motion for the odd variables
ξµ = −ξ(0)e(0)µ + ξ(i)e(i)µ (3.18)
have the same form (up to the constant ν) as the equations for the variables θ±. Namely,
ξ˙(±) = ±2imvξ(±). (3.19)
From (3.19) and (3.7) one concludes that, if
ν = 1, (3.20)
the odd variables θ± and ξ(±) have a harmonic-like evolution law with equal (in general
time-dependent) angular velocities. As a result, for ν = 1 one has two additional mutually
conjugate integrals of motion:
V+ = iξ(+)θ−, V− = V∗+ = iξ(−)θ+, (3.21)
8
which generate the global symmetries of the model.
Except when explicitly stated otherwise, in the following we shall fix ν = 1. For this
value of the parameter the model is maximally symmetric, i.e. it has the maximal number
of integrals of motion.
The general solution to the equations of motion is given by
ξ(±)(τ) = ξ(±)(τi)e
±iΩ(τ ;τi), θ±(τ) = θ±(τi)e
±iΩ(τ ;τi), (3.22)
xµ(τ) = pµ ·
∫ τ
τi
e(τ ′)dτ ′ + e(i)µ
(
x
(i)
Z (τ)− x(i)Z (τi)
)
+ xµ(τi), (3.23)
x
(i)
Z (τ) = −im−1ξ(0)ξ(i)(τ). (3.24)
Ω(τ ; τi) is defined by the relation
Ω(τ ; τi) = 2m
∫ τ
τi
v(τ ′)dτ ′. (3.25)
We assume that the constraints (3.3), (3.4) are satisfied by pµ and by the initial values of the
variables θ± and ξ(±), i.e. by θ±(τi) and ξ
(±)(τi) [14]. In writing the solution to the equations
of motion for the ‘oscillating’ odd variables θ± and ξ(±), the pertinent boundary conditions
(2.7) have been taken into account. This point is discussed in detail in the Appendix A.
Eq. (3.24) describes the classical analog of the quantum Zitterbewegung [15]. From eqs.
(3.23) and (3.24) one finds that
Z i = x(i) + im−1ξ(0)ξ(i)
are integrals of motion.
The evolution of the odd vector variable ξµ is written in covariant form as ξµ(τ) =
Gµν(τ, τi)ξ
ν(τi), with Gµν(τ, τi) given by
Gµ,ν(τ, τi) = −e(0)µ e(0)ν +
(
ηµν + e
(0)
µ e
(0)
ν
)
cos Ω(τ ; τi) + ǫµνλe
(0)λ sin Ω(τ ; τi).
When ν 6= 1 one may construct the integrals of motion:
Vν+ ≡ iξ(+)θ− exp(i(ν − 1)Ω(τ ; τi)), Vν− = V∗ν+,
which are nonlocal (in τ) functions due to the presence of the factor exp(i(ν − 1)Ω(τ ; τi)).
They become local integrals (3.21) when ν = 1.
3.3 Global U(1,1) symmetry and N = 3 supersymmetry
Let us consider the following linear combinations of the nilpotent even integrals of motion
V+, V−, ∆ and N :
R0 = −1
2
(ξ(+)ξ(−) + θ+θ−),
R1 =
i
2
(ξ(+)θ− + ξ(−)θ+), R2 =
1
2
(ξ(+)θ− − ξ(−)θ+). (3.26)
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They are real quantities, R∗α = Rα, and satisfy the su(1, 1) algebra
{Rα, Rβ} = −ǫαβγRγ . (3.27)
Moreover, they are in involution with the nilpotent constraint
X = ξ(+)ξ(−) − θ+θ− ≈ 0, (3.28)
since {Rα,X} = 0. Therefore, the set of integrals of motion Rα and X form a u(1, 1) =
su(1, 1) × u(1) algebra. The algebra of the pseudounitary group U(1,1) appears since the
pairs of variables θ± and ξ(±) have brackets differing in sign. Due to eq. (3.7), X plays the
role of the Hamiltonian for the odd variables ξµ and θ
±.
The Casimir operator of the group SU(1,1), C = RαR
α,
{C,Rα} = 0, (3.29)
takes the value
C = −3
2
ξ(+)ξ(−)θ+θ− ≈ 0,
and it is related to Rα through the classical equation:
RαRβ = ηαβ · 1
3
C. (3.30)
The integral R0 can be written in the manifestly covariant form
R0 =
1
2
(
i
2
√−p2 ǫνρλp
νξρξλ − θ+θ−
)
,
and the integrals R1,2 can be obtained from the Lorentz vector
R⊥µ =
i
2
(
ξµ − pµpξ
p2
)
θ1 − i
2
√−p2 ǫµνλp
νξλθ2, (3.31)
which satisfies the relations R⊥µ p
µ = 0 and R⊥µ e
(i)µ = Ri. One can now construct the vector
Rµ = R⊥µ + e(0)µ R0, (3.32)
providing the covariant set of SU(1,1) generators, which, due to Rµe(α)µ = Rα, is equivalent
to the noncovariant set (3.26).
Let us consider the following odd integrals of motion, which are the composition of the
integrals (3.32) and ξ(0):
Θµ = ξ
(0)Rµ. (3.33)
Due to (3.30), the odd integrals (3.33) together with the even integral C satisfy the covariant
algebra of an N = 3 supersymmetry:
{Θµ,Θν} = −ηµν · i
3
C, {Θµ, C} = 0. (3.34)
The relation between the even integrals, Rµ, and the odd ones, Θµ, is similar to the one
existing between the constraint χ and the additional constraint ρ.
In this section we have unveiled the global U(1,1) symmetry and the N = 3 supersym-
metry of the classical model. The even generator of the supersymmetry, C, differs from the
constraint X which is, in fact, a Hamiltonian for all the Grassmann variables of the system.
This non-standard supersymmetry is analogous to that discovered in ref. [5].
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3.4 Covariant form of the U(1,1) symmetry
With the help of the standard prescription [14] one finds the form of the global transforma-
tions generated by the even, Rµ, and odd, Θµ, integrals of motion:
δωµX = ωµ{X,Rµ}, δǫµX = ǫµ{X,Θµ}, X = xµ, ξµ, θa. (3.35)
In (3.35) ωµ and ǫµ are even and odd constant infinitesimal transformation parameters,
respectively. Both transformations (3.35) mix the even coordinates xµ with the ‘internal’
translation-invariant odd variables of the model. Since the explicit form of the transformation
properties of the coordinates xµ is not needed, we shall not write it here.
A more detailed analysis of the transformations (3.35) for the odd variables gives the
possibility to ‘covariantize’ the U(1,1) symmetry of the theory. For this purpose, one intro-
duces the following linear combinations Σia, a = 1, 2, i = 1, 2, of the odd variables ξ
(i) and
θa,
Σ11 = ξ
(1) + θ1, Σ
1
2 = −ξ(2) + θ2,
Σ21 = ξ
(2) + θ2, Σ
2
2 = ξ
(1) − θ1. (3.36)
These variables are spinors (in the index a) with respect to the action of the SU(1,1) gener-
ators Rα and form SO(2) vectors (in the index i) with respect to the action of the generator
X .This gives the possibility to ‘covariantize’ the SU(1,1) generators Rα as well as the SO(2)
(or U(1)) generator X . In fact, let us introduce the SO(2) tensor ǫij = −ǫji and the SU(1,1)
spinor tensor ǫ˜ab = −ǫ˜ba, as well as its inverse, ǫ˜ab = −ǫ˜ba, normalized as ǫ12 = ǫ˜12 = ǫ˜12 = 1,
and let us define Σia = ǫ˜abΣib. Lowering and rasing the ‘spinor’ indices is understood only for
the variables Σia, but not for ξ
(1,2) and θ1,2. The new variables have the following brackets:
{Σia,Σjb} = −2iǫijδab . (3.37)
In terms of Σia the U(1,1) generators are written in the ‘covariant’ form,
Rα = −1
8
ǫijΣia(γ˜α)a
bΣjb, (3.38)
X = − i
4
ΣiaΣia. (3.39)
In eqs. (3.38) we have introduced the γ−matrices in the Majorana representation, (γ˜0)ab =
−(σ2)ab, (γ˜1)ab = i(σ3)ab, (γ˜2)ab = −i(σ1)ab, γ˜αγ˜β = −ηαβ+ iǫαβγ γ˜γ, and we used the tilde to
stress that they are constant in the tangent space and differ from the matrices γ(α) = e(α)µ γ
µ.
The variables Σia are indeed SU(1,1) spinors and SO(2) vectors:
{Σib, Rα} =
i
2
(γ˜α)a
bΣib, (3.40)
{Σia,X} = ǫijΣja. (3.41)
Defining the even variables
Ξia = iξ
(0)Σia, (3.42)
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one readily finds that they satisfy to
{Ξib, Rα} =
i
2
(γ˜α)a
bΞib, (3.43)
{Ξia,X} = ǫijΞja. (3.44)
Taking into account that
i{Ξia,Ξjb} = ΣiaΣjb,
one gets that (3.38) and (3.39) can be written as:
Rα = − i
8
ǫij(γ˜α)a
b{Ξia,Ξjb}, (3.45)
X = 1
4
{Ξia,Ξia}. (3.46)
Eqs. (3.43)–(3.46) express covariantly the U(1,1) symmetry of the system.
4 Gauging the U(1) symmetry
The action is invariant under the global U(1) transformations (2.12) generated by the integral
of motion N :
θ± → θ±′ = e±iγθ±. (4.1)
Let us assume that γ is not a constant, i.e. γ˙ 6= 0. Since under (4.1) one has δγLθ = dγ/dτ ·N ,
the lagrangian of the system is not invariant. In addition, if one assumes that γ = γ(xµ(τ)),
one has δγL = ∂µγ · x˙µN . Upon introducing a ‘compensating’ term
L1int = QN x˙µAµ (4.2)
in the Lagrangian, with Q a coupling constant and Aµ = Aµ(x) a gauge field transforming
as
δγAµ = −Q−1∂µγ(x), (4.3)
one easily verifies that δγ(L+L
1
int) = 0. The term L
1
int does not change the reparametrization
invariance, but it violates the β−invariance of the action. To restore the latter invariance,
one introduces the additional term
L2int =
e
2
QN iξµξνFµν , Fµν = ∂µAν − ∂νAµ, (4.4)
which is invariant under the U(1) gauge transformations (4.1), (4.3). Since the Lagrangian
Lint = L
1
int + L
2
int = QN
(
x˙µAµ + e
2
iξµξνFµν
)
(4.5)
satisfies the condition that δβLint = Q ddτ (N δβxµAµ), L + Lint is invariant under the local
U(1) and β− symmetries.
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The boundary term Bθ is invariant under the local U(1) transformations if the function
γ(x) satisfies the boundary condition
∆γ = γ(x(τf ))− γ(x(τi)) = 2πn, n ∈ Z. (4.6)
The U(1) gauge interaction preserves the invariance of the action under the discrete P
and T inversions if one supplements the transformation laws (2.17)–(2.19) with
P : Aµ → (−A0,A1,−A2), T : Aµ → (A0,−A1,−A2). (4.7)
In addition to the U(1) gauge symmetry described above, one may introduce the usual
electromagnetic interaction
Lemint = q
(
x˙µA
µ +
1
2
eiξµξνF
µν
)
(4.8)
with Fµν = ∂µAν−∂νAµ. Under P and T inversions the electromagnetic potential transforms
as
P : Aµ → (A0,−A1, A2), T : Aµ → (−A0, A1, A2).
It is the difference in the transformation law of the gauge potentials Aµ(x) and Aµ(x) under
the discrete P and T inversions what distinguishes the two types of U(1) gauge interactions.
At the Hamiltonian level the first class constraints (3.3), (3.4) are now modified as
φ˜ =
1
2
(
P2 +m2 − iξµξν(QNFµν + qF µν)
)
≈ 0, (4.9)
χ˜ = iǫµνλPµξνξλ − 2mN ≈ 0, (4.10)
where
Pµ = pµ −QNAµ − qAµ.
These constraints satisfy the same algebra of the first class constraints of the free model, i.e.
{φ˜, χ˜} = 0.
To conclude the analysis of the classical theory, let us comment on a property of the
U(1) gauge symmetry (4.1), (4.3), (4.6). As it is shown in Appendix A, there is a hidden
symmetry in the free theory (Aµ = Aµ = 0), which is realized only in the sector of the
variables θa. This symmetry leads to a ‘quantization’ condition on the parameter ν (here
the maximal symmetry of the classical system is not required, thus ν can take any value).
Namely, ν = νlk,
νlk =
2l + 1
2k + 1
, k, l ∈ Z. (4.11)
This value of the parameter defines the ratio of the phase changes of the harmonic-like
variables θ± and ξ(±) for the complete time interval ∆τ = τf −τi (see eq. (A.7)). As we have
seen in section 3, the requirement of the maximal symmetry in the system selects from the
infinite set (4.11) only the value ν = 1. As a result, according to eq. (3.7), the phases of the
harmonic-like variables ξ(±) and θ± turn out to be locked (see eq. (3.22)); in fact, the ratio
of the phase changes for the complete time interval should be equal to 1. After switching on
the interaction with the U(1) gauge field Aµ, the effect of the finite gauge transformation of
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the variables θ±, given by eq. (4.1) with the gauge function γ(x) subject to the condition
(4.6), only restores the initial freedom of the ratio of the phase changes of the harmonic-like
variables. In fact, according to eqs. (A.5), (A.7), (4.1) and (4.6), for ν = 1 one has
θ±′(τf ) = e
±i(Ω(τf )+2πn)θ±′(τi). (4.12)
As a result, the ratio of the phase changes of the transformed variables θ±′ and of the
variables ξ(±), given by (4.12), (A.5) and (A.7), is described again by (4.11) with l = k + n.
5 Quantization of the model
5.1 Free theory
Due to (3.1), the quantum operators associated with the odd variables must satisfy the
following anticommutation relations:
[ξˆµ, ξˆν ]+ = −ηµν , [θˆa, θˆb]+ = δab, [ξˆµ, θˆa]+ = 0.
Here and below we put h¯ = 1. The operators ξˆµ and θˆa are realized as
ξˆµ =
1√
2
γµ ⊗ σ3, θˆa = 1√
2
1⊗ σa, a = 1, 2.
It is convenient to take the γ-matrices, satisfying the relation
γµγν = −ηµν + iǫµνλγλ,
in the form γ0 = σ3, γ
i = iσi, i = 1, 2. The classical first class constraints (3.3), (3.4) turn
into quantum equations singling out the physical subspace of the system:
φˆΨ = 0, (5.1)
χˆΨ = 0. (5.2)
In the construction of the quantum operator corresponding to the nilpotent constraint one
has an ordering problem. For arbitrary ν, χˆ is written as
χˆ = pγ + 2νmNˆ . (5.3)
If one starts with the classical expression N = θ+θ−, one has [11]:
Nˆ = αθˆ+θˆ− + (α− 1)θˆ−θˆ+,
with α an arbitrary real parameter. For the sake of simplicity, in eq. (5.3) and below the
operator of the energy-momentum vector of the system has been denoted in the same way
as its classical counterpart. Upon multiplying the second quantum equation (5.2) with the
operator pγ − 2νmNˆ , one gets
(p2 + 4ν2m2Nˆ 2)Ψ = 0,
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which reduces to the mass shell condition (5.1) (Klein-Gordon equation) iff
4ν2Nˆ 2 = 1. (5.4)
Eq. (5.4) is satisfied only when
α =
1
2
, ν2 = 1.
One immediately concludes that the choice (3.20) is a special one also in the quantum theory.
The value α = 1/2 leads to the operator
Nˆ = 1
2
[θˆ+, θˆ−] = −iθˆ1θˆ2 = 1
2
· 1⊗ σ3. (5.5)
Eq. (5.2) takes the form
(pγ ⊗ 1 +m · 1⊗ σ3)Ψ = 0. (5.6)
Therefore, the components ψu and ψd of the function Ψ, Ψ
t = (ψtu, ψ
t
d), satisfy a pair of
(2+1)-dimensional Dirac equations:
(pγ +m)ψu = 0, (pγ −m)ψd = 0. (5.7)
In correspondence with the definition of the (2+1)-dimensional spin operator,
Sˆ =
pJˆ√−p2 ,
where Jˆµ is the quantum operator corresponding to the total angular momentum of the
system defined in eq. (3.8), one has
Sˆ = −1
2
· γ(0) ⊗ 1. (5.8)
Due to eqs. (5.7), the physical states ψu and ψd carry spin +1/2 and −1/2, respectively.
A P− and T−invariant quantum system emerges from the classical picture. In fact, start-
ing from the classical relations (2.17)–(2.19), one finds the corresponding quantum transfor-
mation laws:
P : Ψ(x)→ Ψ′(x′) = (γ1 ⊗ σ1) ·Ψ(x), x′µ = (x0,−x1, x2), (5.9)
T : Ψ(x)→ Ψ′(x′) = (γ0 ⊗ σ2) ·Ψ(x), x′µ = (−x0, x1, x2), (5.10)
By direct inspection one easily verifies that eq. (5.6) is invariant with respect to these
transformations.
Of course, the quantum system has also the charge conjugation symmetry
C : Ψ(x)→ Ψc(x) = (σ1 ⊗ 1) ·Ψ∗(x) . (5.11)
When the quantum system is interacting with the Abelian gauge fields Aµ(x) and Aµ(x),
under the charge conjugation symmetry one has to require that both such fields change sign.
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Note that the system of equations (5.2) has also nontrivial solutions when ν 6= 1 and α
satisfy either the condition (2να)2 = 1 or the condition (2ν(α− 1))2. In these two cases one
has only one nontrivial state given by the function ψu or ψd, respectively. The P− and T−
invariance of the classical action is lost.4. For ν 6= 1 one has an anomalous quantum scheme.
For ν = 1, one gets
χˆ2 = −2φˆ+ 4mNˆ χˆ, (5.12)
i.e. at the quantum level, unlike in the classical theory, the mass shell operator φˆ and the
operator χˆ are dependent operators.
5.2 Super-extension of the Poincare´ group
The quantum counterparts of the integrals (3.26) are:
Rˆ0 =
1
4
(γ(0) ⊗ 1− 1⊗ σ3),
Rˆ1 =
1
4
(γ(2) ⊗ σ1 − γ(1) ⊗ σ2), Rˆ2 = −1
4
(γ(1) ⊗ σ1 + γ(2) ⊗ σ2). (5.13)
They satisfy the commutation relations of the su(1, 1) algebra
[Rˆα, Rˆβ] = −iǫαβγRˆγ . (5.14)
In the quantum theory
Cˆ = RˆαRˆ
α =
3
8
(
γ(0) ⊗ σ3 − 1
)
is the Casimir operator, which can be written as
Cˆ =
3
4
(
(Nˆ − Sˆ)2 − 1
)
. (5.15)
On the physical subspace it is reduced to Cˆ = −3/4 (or C = −h¯2 · 3/4 in units of h¯).
Hence, the operators Rˆα, forming the su(1, 1) algebra (5.14), act irreducibly on the physical
subspace. The physical states ψu and ψd are the eigenstates of the operator
Rˆ0 = −1
2
(Nˆ + Sˆ)
with the eigenvalues −1/2 and +1/2, respectively.
Since at the quantum level one has that:
ξˆ(0)Rˆα = − 1√
2
Rˆα, (5.16)
the generators of the SU(1,1) symmetry, Rˆα, coincide up to a c−number factor with the
quantum operators corresponding to the N = 3 SUSY generators (3.33). Therefore, the
operators Rˆα satisfy not only the algebra (5.14), but also the s(3) superalgebra [16]
[Rˆα, Rˆβ]+ = ηαβ ·
2
3
Cˆ, [Rˆα, Cˆ] = 0. (5.17)
4 The discrete P− and T−symmetries were not discussed at the classical level in ref. [11] since it was
assumed that the variables θa and v were scalars.
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This corresponds to the classical algebra (4.7) of the SUSY generators (4.4), (4.6). Due to
relation similar in form to (5.16), the quantum operator corresponding to the odd function
ρ given by eq. (3.16) coincides (up to a c−number factor) with the quantum constraint χˆ.
Before going over to the analysis of the interacting quantum system, let us comment
on the hidden global (super)symmetry. Upon writing down the quantum counterpart of
the classical vector (3.32) as Rˆµ = e(0)µ Rˆ0 + Rˆ⊥µ , one sees that this operator satisfies the
(anti)commutation relations
RˆµRˆν = 1
3
ηµνCˆ − i
2
ǫµνλRˆλ, [Rˆµ, Cˆ] = 0. (5.18)
Since Rˆµ is a Lorentz vector operator,
[Jˆµ, Rˆν ] = −iǫµνλRˆλ,
and it commutes with the operator pµ,
[Rˆµ, pν ] = 0,
the set of vector operators Rˆµ and pµ supplied with the total angular momentum operator
Jˆµ form a super-extension of the Poincare´ group, denoted as ISO(2,1|3). The vector operator
Jˆµ = Jˆµ − Rˆµ
satisfies the same su(1, 1) algebra of the operators Jˆµ and Rˆµ; namely,
[Jˆµ, Jˆν] = −iǫµνλJˆ λ.
The Casimir operators of the supergroup ISO(2,1|3) are the operators p2 and Sˆ = e(0)µ Jˆ µ. It
is natural to name the operator
Sˆ = 1
2
(Sˆ − Nˆ ) (5.19)
the superspin. The operator Cˆ = RˆµRˆµ can be written as a quadratic function of the
superspin,
Cˆ = 3Sˆ2 − 3
4
.
Taking into account the explicit form of the operators Nˆ and Sˆ given by eqs. (5.5) and
(5.8), one finds that the complete set of the eigenvalues of the superspin is given by the
numbers (−1/2, 0, 0,+1/2). The physical states ψu and ψd, carrying spin +1/2 and −1/2,
are simultaneously the eigenstates of the superspin operator with zero eigenvalue, i.e. the one
particle states of the quantum P , T—invariant theory realize an irreducible representation
of the supergroup ISO(2,1|3) labelled by the zero eigenvalue of the superspin.
The nonstandard character of the super-extension of the Poincare´ group is related to the
vector nature of the supercharge operators Rˆµ, satisfying also the commutation relations of
the SU(1,1) generators.
In conclusion, we explicitly constructed the nontrivial ‘superposition’ of the discrete (P
and T ) and continuous (U(1, 1) and S(3)) (super)symmetries characteristic of the P, T−
invariant planar fermion model. The generators of the continuous (super)symmetries are
combined with the Poincare´ generators resulting in the non-standard superextension of the
Poincare´ group.
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5.3 Interacting quantum theory
In constructing the quantum operators corresponding to the first class constraints of the
classical theory interacting with the U(1) gauge field Aµ one should recall the form (5.5) of
the operator Nˆ since the physical states ψu and ψd, carrying opposite spins +1/2 and −1/2,
are distinguished by this operator; in fact, these states carry opposite U(1) charges +Q/2
and −Q/2. Since, under P and T inversions, one has Nˆ → −Nˆ , the physical states ψu and
ψd change their U(1) charges under the discrete transformations. The difference between the
U(1) gauge interaction we are considering here and the electromagnetic one lies in the fact
that the states ψu and ψd, having one and the same electric charge q, are not distinguished
by the electromagnetic interaction.
The quantum counterparts of the classical constraints (4.9) and (4.10) have the form
ˆ˜χΨ = 0, ˆ˜χ = Pˆγ ⊗ 1 +m · 1⊗ σ3, (5.20)
ˆ˜φΨ = 0, 2ˆ˜φ = Pˆ2 +m2 + 1
2
ǫµνλγ
λ ⊗ 1 ·
(
1
2
QFµν · 1⊗ σ3 + qF µν · 1⊗ 1
)
, (5.21)
where Pˆµ = pµ−QNˆAµ(x)−qAµ(x). The operators ˆ˜χ and ˆ˜φ satisfy the initial trivial algebra,
i.e. [ˆ˜φ, ˆ˜χ] = 0, and the equation (5.12) is still valid when the fermions are interacting with
the chiral and electromagnetic U(1) fields.
The field Lagrangian describing the interacting theory is
L(x) = Ψ(x)ˆ˜χΨ(x), (5.22)
where Ψ = Ψ† ·γ0⊗1, and pµ = −i∂µ. The equations of motion derived from the Lagrangian
(5.22) are given by eq. (5.20), whereas the eq. (5.21), quadratic in ∂µ, comes as a consequence
of equation (5.12). The field Lagrangian (5.22) has been used in some models of high-Tc
superconductivity [2].
6 Concluding remarks
In this paper we showed how the hidden U(1,1) symmetry and the hidden N = 3 supersym-
metry of the P, T−invariant quantum fermion model described by (1.1) could be understood
in terms of the 3D pseudoclassical model described by eqs. (2.1)–(2.5). In particular, our
approach clarified the nature of the pseudounitary U(1,1) symmetry appearing in the quan-
tum model since — at the classical level — the two pairs of oscillator-like odd variables θ±
and ξ(±), from which the generators of the U(1,1) symmetry are constructed, have Poisson
brackets of opposite sign. Furthermore, the pseudoclassical model clearly shows that the
generators of the SU(1,1) symmetry and the odd generators of the N = 3 supersymmetry
are intimately related; in fact, they only differ in the factor ξ(0) which is an integral of motion.
For the quantum model, the generators of the SU(1,1) symmetry and those of the N = 3
supersymmetry coincide up to a c−number factor since they are eigenvectors of the operator
ξˆ(0) corresponding to the same eigenvalue.
The continuous symmetries of the pseudoclassical and P, T−invariant quantum fermion
model are identical if one requires that the classical model has a maximal symmetry; it is
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this requirement the one selecting the special value (ν = 1) of the parameter appearing in the
pseudoclassical model. It would be interesting to see how a special value of the parameter
ν may be selected in the path-integral approach. Unfortunately, this is a difficult task [17]
since the model has an even nilpotent constraint for which a gauge fixing condition cannot
be introduced.
Interesting features appear also when one supplement the pseudoclassical model with a
local U(1) gauge symmetry which is the classical analog of the corresponding quantum Uc(1)
chiral gauge symmetry. As it is shown in Appendix A, when the parameter ν is not restricted
by the condition ν = 1, in the ungauged model there is a hidden symmetry realized in the
sector of the θ± variables, which is responsible for a sort of quantization condition on the
parameter ν:
ν = νlk =
2l + 1
2k + 1
, l, k ∈ Z.
This symmetry is effectively “restored” in the gauge model even when the maximal continu-
ous symmetry of the free pseudoclassical model (ν = 1) is required. It seems to be interesting
to look for the quantum analog of this hidden symmetry and reveal its role in the context
of the field model with the gauged Uc(1) chiral symmetry.
The quantum generators of the N=3 supersymmetry together with the energy-momentum
vector and the total angular momentum vector operators are the generators of a superexten-
sion of the (2+1)-dimensional Poincare´ group. The complete set of possible eigenvalues of
the superspin operator, which is one of the Casimir operators of this supergroup, is given by
the values (−1/2, 0, 0,+1/2). The physical subspace of the quantum P, T−invariant fermion
model realizes an irreducible representation of the Poincare´ supergroup, labelled by the zero
eigenvalue of the superspin. In this representation the states of the P, T−invariant system
carry spin −1/2 and +1/2.
In the analysis of the U(1,1) symmetry given in section 3, either the variables θa or the
variables ξ(i) = ξµe(i)µ are not U(1,1) covariant quantities; only their specific linear combi-
nations Σia, defined in eq. (3.36), are covariant under the action of U(1,1). One may then
expect that the model (2.1)–(2.5), written in terms of the latter set of variables, is mani-
festly U(1,1) covariant and shows explicitly the hidden N=3 supersymmetry. However, since
{xµ,Σia} 6= 0, the reformulation of the system in a manifestly U(1,1) covariant way is a
nontrivial task within the Lagrangian formalism.
In conclusion, the simple pseudoclassical model considered in this paper reveals a non-
trivial ‘superposition’ of discrete and continuous, global and local, ordinary and graded
symmetries, and allows for a natural way to construct a field Lagrangian with a U(1) gauge
field coupled to the chiral current. One of our motivation to investigate the properties of this
particular pseudoclassical model lies in the fact that the planar SPM [7] does not naturally
reproduce at the classical level the symmetries of the P, T−invariant 3D quantum fermion
model of ref. [4]. Moreover, in the SPM there is no natural analog of the U(1) chiral sym-
metry we explicitly constructed, since this symmetry acts only in the subspace of the θ±
variables. Due to this, a gauge generalization based on the SPM is not immediate. Thus,
the pseudoclassical model of ref. [11] provides the simplest classical example of a model
exhibiting the symmetries of the P, T−invariant planar quantum free fermion model.
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A Hidden symmetry
There is a ‘hidden’ symmetry in the free model (2.1), induced by transformations in the
subspace of the variables θ±. It is a product of one of the discrete transformations defined
by eq. (2.19), say the P inversion, and the special U(1) transformation
Us : θ
± → θ±′ = e±iγs(τ)θ±, (A.1)
with γs(τ) given by:
γs(τ) = −2νΩ(τ), Ω(τ) = 2m
∫ τ
τi
v(τ ′)dτ ′. (A.2)
In (A.2) it is assumed that ν 6= 0. Under the transformation UsPθ, — Pθ being a restriction
of the P inversion to the sector of the variables θ±, i.e. Pθ : θa → θ′a = (θ1,−θ2) — the
Lagrangian is invariant: UsPθ : L → L. The boundary term B is invariant under this
transformation UsPθ iff the function γs(τ) is such that
∆γs = γs(τf )− γs(τi) = γ(τf) = 2πn, n ∈ Z, (A.3)
which amounts to
νΩ(τf ) = πn, n ∈ Z. (A.4)
This condition is not affected by the local transformations (2.14) and (2.15) due to the
boundary conditions (2.16) imposed on the parameters α and β.
In accordance with eqs. (3.7), (3.19), one gets
ξ(±)(τf ) = ξ
(±)(τi) · e±iΩ(τf ), θ±(τf) = θ±(τi) · e±iνΩ(τf ). (A.5)
The boundary conditions (2.7) require that the quantities
θ±1/2 = θ
±(τi) + θ
±(τf ), ξ
(±)
1/2 = ξ
(±)(τi) + ξ
(±)(τf )
must be fixed. In terms of the above variables, one has that
ξ(±)(τi) =
(
1 + e±iΩ(τf )
)−1 · ξ(±)1/2 , ξ(±)(τf) =
(
1 + e∓iΩ(τf )
)−1 · ξ(±)1/2 , (A.6)
and similar equations for θ± with the corresponding change of Ω(τf ) in νΩ(τf ). When
ξ
(±)
1/2 6= 0 or (and) θ±1/2 6= 0, and one (or both) of the equations
Ω(τf ) = π(2k + 1), νΩ(τf ) = π(2l + 1), k, l ∈ Z, (A.7)
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hold, (A.6) cannot be staisfied since the denominators vanish. Thus, either one prohibits
Ω(τf ) to obey eqs. (A.7), or one requires that
θ±1/2 = 0, ξ
(±)
1/2 = 0. (A.8)
If (A.8) is satisfied, the conditions (A.7) must be also satisfied. We choose the second
possibility, i.e. we assume antiperiodic boundary (in evolution parameter) conditions for the
Grassmann ‘oscillating’ variables θ±(τ) and ξ(±)(τ). The conditions (A.7) lead to a sort of
quantization condition ν = νlk,
νlk =
2l + 1
2k + 1
, k, l ∈ Z, (A.9)
which includes the special case ν2 = 1. For the set of values of the parameter ν given by
eq. (A.9), the boundary conditions (A.4) are satisfied, and, hence, the hidden symmetry
described above is realized.
For ν = 1, the model described by the Lagrangian L˜ = L + Lint + L
em
int, where L, Lint
and Lemint are given by eqs. (2.1), (4.5) and (4.8), is invariant under the hidden symmetry
UsPθ, if one supplements the transformation properties of the pseudoscalar variables with
the transformation law UsPθ : (Aµ, Aµ)→ (−Aµ, Aµ) for the U(1) gauge fields.
B Standard 3D pseudoclassical model
Here we shall show that, though the quantization of the standard pseudoclassical model for
the massive relativistic spin particle [7] also leads to the P, T−invariant 3D fermion quantum
model, nevertheless, the SPM does not reproduce either the U(1,1) symmetry or the N = 3
supersymmetry at the classical level.
The Lagrangian of the model [7] is similar in form to the one of the model we have
considered in this paper, namely:
L =
1
2e
(x˙µ − iλξµ)2 − e
2
m2 − imλξ∗ − i
2
ξµξ˙
µ − i
2
ξ∗ξ˙∗.
There is an odd Lagrange multiplier λ instead of the even multiplier v, and one odd
(pseudo)scalar variable ξ∗ instead of the pair of variables θa, a = 1, 2. The total Hamil-
tonian of the system is given by:
H = eφ+ iλχ+ upe + ρπλ.
It is a linear combination of the primary constraints pe ≈ 0 and πλ ≈ 0, πλ being the
canonical momentum conjugate to λ, of the constraint φ given by eq. (3.3) and of
χ = pξ +mξ∗ ≈ 0. (B.1)
The brackets of ξµ are given by the same eq. (3.1), whereas
{ξ∗, ξ∗} = i.
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The equations of motion for the odd variables are ξ˙µ = λpµ and ξ˙∗ = mλ. The quantities
ξ(i), i = 1, 2, and ξ(0)ξ∗ are integrals of motion. The last even integral is weakly equal to zero
if one takes into account the constraint (B.1), but it is a nontrivial operator at the quantum
level.
Let us briefly consider the quantum theory of this model, and then return to the classical
model in order to construct the classical counterparts of the quantum symmetry generators.
The quantum operators corresponding to the variables ξµ and ξ∗ may be realized as
ξˆµ =
1√
2
γµ ⊗ σ1, ξˆ∗ = − i√
2
1⊗ σ2. (B.2)
The internal scalar product is defined as (Ψ1,Ψ2) = Ψ¯1Ψ2, with Ψ¯ =
√
2Ψ+ξˆ0. With this
indefinite scalar product all the operators (B.2) are hermitian. The quantum counterpart of
the constraint (B.1) is
1√
2
1⊗ σ1(pγ ⊗ 1 +m1 ⊗ σ3)Ψ = 0, (B.3)
which is equivalent to eq. (5.6). If one takes L = √2Ψ¯χˆΨ as the field Lagrangian, one finds
that it coincides with the Lagrangian (5.22) (with Aµ = Aµ = 0). Hence, the quantization
of the SPM reproduces the P, T−invariant 3D fermion system.
The classical quantities corresponding to the generators (5.13) are given by :
R0 =
i
2
ξ(1)ξ(2) ·G, R1 = 1
2
√
2
ξ(2) ·G, R2 = − 1
2
√
2
ξ(1) ·G, (B.4)
where G = 1− 2ξ(0)ξ∗. First of all, one sees that these quantities have different Grassmann
parity: R0 is even, whereas Ri, i = 1, 2, are odd; in addition, one can check that they do
not form an algebra with respect to the brackets. The classical counterpart of the operator
γ(0)⊗σ3 is, up to a c-number factor, the even quantity ξ(0)ξ∗; therefore, one has no possibility
to ‘change’ the Grassmann parity of the integrals of motion as it was possible for the model
(2.1). Due to this, in this model one cannot reproduce the N = 3 supersymmetry at the
classical level.
One may start not from the quantum constraint given by eq. (5.6) and equivalent to
equation (B.3), but from the quantum constraint (B.3) itself, which is equal to the constraint
(5.6) multiplied by 1⊗σ1. One can then take the corresponding operator ˆ˜X = γ(0)⊗σ1−i1⊗σ2
as the generator of the U(1) symmetry. In this case one has the following set of generators
of the SU(1,1) symmetry, commuting with the U(1) generator:
Γ(0) = −1
2
γ(0) ⊗ 1, Γ(i) = −1
2
γ(i) ⊗ σ2. (B.5)
From these one constructs the Lorentz vector Γµ = e
(α)
µ Γ(α) satisfying the equation
ΓµΓν = −1
4
ηµν − i
2
ǫµνλΓ
λ.
The anticommutator of these operators is a constant; the nontrivial supersymmetry of the
generators is lost. Due to this fact, instead of (5.19), in the SPM one has Sˆ = Jˆ (0) = 0,
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Jˆµ = Jˆµ − Γµ. Again, the classical analogs of the SU(1,1) generators (B.5), given by Γ(0) =
−iξ(1)ξ(2) and Γ(i) = −√2ǫijξ(0)ξ(j)ξ∗, do not reproduce the SU(1,1) algebra at the classical
level.
In the SPM there is no natural analog of the U(1) symmetry acting in the subspace
of the variables θ±. Furthermore, using the SPM, it is cumbersome to provide a natural
construction of the U(1) gauge theory. Thus, the SPM does not reproduce the symmetries
of the quantum P, T−invariant 3D fermion theory at the classical level.
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